Extending work of Klyachko and Perling, we develop a combinatorial description of pure equivariant sheaves on an arbitrary nonsingular toric variety X. Using geometric invariant theory (GIT) and this combinatorial description, we construct very explicit coarse moduli spaces of pure equivariant sheaves on X corepresenting natural moduli functors (analogous to techniques used in the case of equivariant vector bundles by Payne). We show how the fixed point locus of the moduli space of all Gieseker stable sheaves on X can be expressed in terms of the explicit moduli spaces of pure equivariant sheaves on X. One of the problems arising is to find an equivariant line bundle on the side of the GIT problem, which precisely recovers Gieseker stability. In the case of torsion free equivariant sheaves of coprime rank and degree, we construct such equivariant line bundles explicitly. As a by-product, we construct equivariant line bundles recovering µ-stability for reflexive equivariant sheaves and give a combinatorial description of the fixed point locus of the moduli space of µ-stable reflexive sheaves on X. As an application, we show in a sequel [Koo] how these methods can be used in examples to compute generating functions of Euler characteristics of moduli spaces of sheaves on nonsingular complete toric surfaces and study wall-crossing phenomena.
Introduction
Vakil has shown that the moduli space of Gieseker stable sheaves satisfies Murphy's Law, meaning every singularity type of finite type over Z appears on the moduli space [Vak] . Hence we expect the moduli space M s P of Gieseker stable sheaves with Hilbert polynomial P on a projective variety X with ample line bundle O X (1) to be, in general, very complicated. Now assume X is a nonsingular projective toric variety with torus T . We can lift the action of T on X to an action of T on the moduli space M s P . One of the goals of this paper is to find a combinatorial description of the fixed point locus (M s P ) T using techniques of toric geometry.
Klyachko has given a combinatorial description of equivariant vector bundles and, more generally, reflexive equivariant and torsion free equivariant sheaves on a nonsingular toric variety [Kly1] , [Kly2] , [Kly3] , [Kly4] . This description gives a relatively easy way to compute Chern characters and sheaf cohomology of such sheaves. Klyachko's work has been reconsidered and extended by Knutson and Sharpe in [KS1] , [KS2] . They sketch how his combinatorial description can be used to construct moduli spaces of equivariant vector bundles and reflexive equivariant sheaves. Perling has given a general description of equivariant quasi-coherent sheaves on toric varieties in [Per1] , [Per2] . He gives a detailed study of the moduli space of rank 2 equivariant vector bundles on nonsingular toric surfaces in [Per3] . A systematic construction of the moduli spaces of equivariant vector bundles on toric varieties has been given by Payne [Pay] . He considers families of equivariant vector bundles on toric varieties and shows the moduli space of rank 3 equivariant vector bundles on toric varieties satisfies Murphy's Law.
In the current paper, we will present a combinatorial description of pure equivariant sheaves on nonsingular toric varieties (Theorem 2.11), generalising the known combinatorial description of torsion free equivariant sheaves due to Klyachko [Kly4] . Using this combinatorial description, we construct coarse moduli spaces of pure equivariant sheaves on nonsingular projective toric varieties (Theorem 3.13), corepresenting natural moduli functors. For this, we develop an explicit description of families of pure equivariant sheaves on nonsingular projective toric varieties (Theorem 3.9), analogous to Payne's description in the case of families of equivariant vector bundles [Pay] . The moduli spaces of pure equivariant sheaves on nonsingular projective toric varieties are constructed using GIT. It is important to note that these moduli spaces are very explicit and combinatorial in nature, which makes them suitable for computations. We are only interested in the case where GIT stability coincides with Gieseker stability, which is the natural notion of stability for coherent sheaves. Consequently, we would like the existence of an equivariant line bundle in the GIT problem, which precisely recovers Gieseker stability. In the case of reflexive equivariant sheaves, some aspects of this issue are discussed in [KS1] , [KS2] and [Kly4] . We prove the existence of equivariant line bundles matching GIT and Gieseker stability for torsion free equivariant sheaves of coprime rank and degree 1 (Theorem 3.16) and for reflexive equivariant sheaves. Subsequently, we consider the moduli space M s P of all Gieseker stable sheaves with (arbitrary) fixed Hilbert polynomial P on a nonsingular projective toric variety X with torus T and ample line bundle O X (1). We lift the action of the torus T to M s P , describe the closed points of the fixed point locus (M s P )
T and study the difference between invariant and equivariant simple sheaves. We study deformation theoretic aspects of equivariant sheaves and describe the fixed point locus (M s P )
T in terms of moduli spaces of pure equivariant sheaves on X.
Theorem 1.1 (Corollary 4.9). Let X be a nonsingular projective toric variety. Let O X (1) be an ample line bundle on X and let P be a choice of Hilbert polynomial of degree dim(X) giving rise to coprime rank and degree. Then there is a canonical isomorphism
Here the right hand side of the equation is a disjoint union of moduli spaces of torsion free equivariant sheaves on X. It is important to note that the moduli spaces on the right hand side are very explicit and combinatorial in nature and their construction is very different from the construction of M s P , which makes use of Quot schemes and requires boundedness results [HL, . The theorem gives us a combinatorial description of (M s P )
T . Explicit knowledge of (M s P ) T is useful for computing invariants associated to M s P , e.g. the Euler characteristic of M s P , using localisation techniques. We exploit these ideas in [Koo] in the case X is a nonsingular complete toric surface to obtain explicit expressions for generating functions of Euler characteristics in some examples. These computations can be used to study wall-crossing phenomena, i.e. study the dependence of these generating functions on choice of ample line bundle O X (1) on X. We will mention some of these results in this paper, without further details. Most of the formulation and proof of the above theorem holds similarly for any choice of P , in particular for P of degree < dim(X). The only complication arising is to find an equivariant line bundle in the GIT problem, which precisely reproduces Gieseker stability. We can only achieve this for torsion free equivariant sheaves of coprime rank and degree, though we will develop the rest of the theory in full generality (Theorem 4.8) . As a by-product, we will construct moduli spaces of µ-stable reflexive equivariant sheaves on nonsingular projective toric varieties (Theorem 4.13) and express the fixed point loci of moduli spaces of µ-stable reflexive sheaves on nonsingular projective toric varieties in terms of them (Theorem 4.14) . In the case of reflexive equivariant sheaves, we can always find an equivariant line bundle in the GIT problem, which precisely recovers µ-stability.
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Pure Equivariant Sheaves on Nonsingular Toric Varieties
In this section, we will give a combinatorial description of pure equivariant sheaves on nonsingular toric varieties. After recalling the notion of an equivariant and a pure sheaf, we will give the combinatorial description in the affine case. Subsequently, we will pass to the general case. Our main tool will be Perling's notion of σ-families. In order to avoid cumbersome notation, we will first treat the case of irreducible support in detail and discuss the general case at the end.
Preliminaries
We recall the notion of a G-equivariant sheaf. A very nice motivation for this definition in the language of fibred categories can be found in [Vis, Sect. 3.8] .
Definition 2.1. Let G be an affine algebraic group acting regularly on a scheme 1 X of finite type over k. Denote the group action by σ : G ×X −→ X, denote projection to the second factor by p 2 : G × X −→ X and denote multiplication on G by µ : G × G −→ G. Moreover, denote projection to the last two factors by p 23 : G × G × X −→ G × X. Let E be a sheaf of O X -modules on X. A G-equivariant structure on E is an isomorphism Φ : σ * E −→ p * 2 E such that (µ × 1 X ) * Φ = p 1 . Denote the fan by ∆, the character group by M = X(T ) and the group of one-parameter subgroups by N (so M = N ∨ and we have a natural pairing between the two lattices ·, · : M × N −→ Z). The elements σ of ∆ are in bijective correspondence with the invariant affine open subsets U σ of X. In particular, for a strongly convex rational polyhedral cone σ ∈ ∆ (which lies in the lattice N) we have U σ = Spec(k[S σ ]), where k[S σ ] is the semigroup algebra associated to the semigroup S σ defined by
We will denote the element of k [M] corresponding to m ∈ M by χ(m) and write the group operation on k[M] multiplicatively, so χ(m)χ(m ′ ) = χ(m + m ′ ). We obtain the following M-graded k-algebras
There is a regular action of T on Γ(U σ , O X ). For t ∈ T a closed point and f : U σ −→ k a regular function, one defines (t · f )(x) = f (t · x).
1 All our schemes will be schemes over k an algebraically closed field of characteristic 0 unless stated otherwise.
1 When dealing with toric geometry, we use the notation of the standard reference [Ful] .
The regular action of T on U σ induces a decomposition into weight spaces (Complete Reducibility Theorem [Per1, Thm. 2.30] ). This decomposition coincides precisely with the decomposition in equation (1). More generally, if (E, Φ) is an equivariant quasi-coherent sheaf on X, there is a natural regular action of T on Γ(U σ , E) [Per1, Subsect. 2.2.2, Ch. 4] . This action can be described as follows. For any closed point t ∈ T , let i t : X −→ T × X be the inclusion and define Φ t = i Definition 2.2. Let E = 0 be a coherent sheaf on a scheme X of finite type over k.
The sheaf E is said to be pure of dimension d if dim(F ) = d for any coherent subsheaf 0 = F ⊂ E. Here the dimension of a coherent sheaf F is defined to be the dimension of the support Supp(F ) of the coherent sheaf F . A torsion free sheaf on X is a pure sheaf on X of dimension dim(X). ⊘
For future purposes, we state the following two easy results.
Proposition 2.3. Let X be a scheme of finite type over k, {U i } an open cover of X and E = 0 a coherent sheaf on X. Then E is pure of dimension d if and only if for each i the restriction E| U i is zero or pure of dimension d.
Proof. The "if" part is trivial. Assume E = 0 is pure of dimension d but there is a coherent subsheaf 0 = F ⊂ E| U i having dimension < d for some i. Let Z = Supp(F ) (where the bar denotes closure in X) and consider the coherent subsheaf E Z ⊂ E defined by E Z (U) = ker(E(U) −→ E(U \ Z)) for all open subsets U ⊂ X. This sheaf is nonzero because 0 = F ⊂ E Z | U i yet Supp(E Z ) ⊂ Z so dim(E Z ) < d, contradicting purity.
Proposition 2.4. Let X be a scheme of finite type over k, G an affine algebraic group acting regularly on X and E = 0 a G-equivariant coherent sheaf on X. Then E is pure of dimension d if and only if all its nontrivial G-equivariant coherent subsheaves have dimension d.
Proof. There is a unique filtration
where T i (E) is the maximal coherent subsheaf of E of dimension ≤ i. This filtration is called the torsion filtration of E [HL, Sect. 1.1]. The proof follows from the fact that this filtration consists of equivariant subsheaves.
Let U σ be an affine toric variety defined by a cone σ in a lattice N. We have already seen that Γ(U σ , −) induces an equivalence between the category of equivariant quasicoherent sheaves on U σ and the category of M-graded k[S σ ]-modules. The latter category can be conveniently reformulated using Perling's notion of a σ-family [Per1, Def. 4.2] . 
for all m ≤ σ m ′ . This establishes an equivalence between the category of equivariant quasi-coherent sheaves on U σ and the category of σ-families [Per1, Thm. 4.5] .
Recall that an affine toric variety U σ defined by a cone σ of dimension s in a lattice N of rank r is nonsingular if and only if σ is generated by part of a Z-basis for N. Assume this is the case, then
. . , ρ s } be the rays (i.e. 1-dimensional faces) of σ. Let n(ρ i ) be the first integral lattice point on the ray ρ i . Then (n(ρ 1 ), . . . , n(ρ s )) is part of a Z-basis for N. Let (m(ρ 1 ), . . . , m(ρ s )) be the corresponding part of the dual basis for M. The cosets ([m(ρ 1 
LetÊ σ be a σ-family. We can repackage the data inÊ σ somewhat more efficiently as follows. First of all, note that for all m
is an isomorphism, so we might just as well restrict attention to σ-families having χ σ m,m ′ = 1 (and hence
. . .
When we would like to suppress the domain, we also denote these maps somewhat sloppily by
. . , λ s ). These k-linear maps satisfy x i x j = x j x i for all i, j = 1, . . . , s.
The equivalence between the category of equivariant quasi-coherent sheaves on U σ and the category of σ-families restricts to an equivalence between the full subcategories of equivariant coherent sheaves on U σ and the category of finite σ-families (see [Per1, Def. 4.10, Prop. 4.11]) . A finite σ-family is a σ-familyÊ σ such that all E σ (λ 1 , . . . , λ s ) are finite-dimensional k-vector spaces, there are A 1 , . . . , A s ∈ Z such that E σ (λ 1 , . . . , λ s ) = 0 unless λ 1 ≥ A 1 , . . ., λ s ≥ A s and there are only finitely many (Λ 1 , . . . , Λ s ) ∈ Z s such that
Combinatorial Descriptions in the Case of Irreducible Support
Going from affine toric varieties to general toric varieties, Perling introduces the notion of ∆-families [Per1, Sect. 4.2] , which are basically collections of σ-families, for all cones σ in the fan ∆, satisfying certain compatibility conditions. We will not use this notion. Instead, we will first study pure equivariant sheaves on nonsingular affine toric varieties and then use gluing to go to general toric varieties. In order to avoid heavy notation, we will restrict to the case of irreducible support and defer the general case to the next subsection.
Proposition 2.6. Let U σ be a nonsingular affine toric variety defined by a cone 1 σ in a lattice N of rank r. Let E = 0 be an equivariant coherent sheaf on U σ with irreducible support. Then Supp(E) = V (τ ), for some τ ≺ σ. Now fix τ ≺ σ, let (ρ 1 , . . . , ρ r ) be the rays of σ and (ρ 1 , . . . , ρ s ) ⊂ (ρ 1 , . . . , ρ r ) the rays of τ . Then Supp(E) = V (τ ) if and only if there are integers B 1 , . . . , B s such that E σ (λ 1 , . . . , λ r ) = 0 unless λ 1 ≤ B 1 , . . ., λ s ≤ B s , but for each λ i = λ 1 , . . . , λ s there is no such upper bound.
Proof. Note that V (τ ) is defined by the prime ideal
Since Γ(U σ , E) is finitely generated, we in fact have
The proof now easily follows from the fact that the σ-family corresponding to E is finite. 
. . , ∞) and the maps x s+1 , . . . , x r are inclusions. Moreover, there are integers λ s+1 , . . . , λ r such that
Proof. Let E be a pure equivariant sheaf with support V (τ ) and corresponding σ-familŷ E σ . Then (i) follows from Proposition 2.6. For (ii), it is enough to prove x s+1 , . . . , x r are injective (the rest follows from the fact thatÊ σ is finite). Assume one of them is not injective, say, without loss of generality, x s+1 . I.e.
is not injective where
Clearly,F σ defines a nontrivial equivariant coherent subsheaf of E, hence its support has to be V (τ ). By construction, there is an integer B s+1 such that F σ (λ 1 , . . . , λ r ) = 0 outside some region λ 1 ≤ B 1 , . . ., λ s ≤ B s , λ s+1 ≤ B s+1 , which contradicts Proposition 2.6. Conversely, let E be an equivariant quasi-coherent sheaf with corresponding σ-familŷ E ∆ as in (i), (ii). It is easy to see that E is coherent and Supp(E) ⊂ V (τ ) (see also proof of Proposition 2.6). It is enough to show that any nontrivial equivariant coherent subsheaf F ⊂ E has support V (τ ) by Proposition 2.4. Suppose there is a 0 = F ⊂ E equivariant coherent subsheaf with support
Then τ is a proper face of each ν i . Let ρ (ν i ) be a ray of ν i , that is not a ray of τ . Then
As a consequence, there is a κ ∈ Z >0 such that
LetF σ be the σ-family corresponding to F . We obtain that there is a B ∈ Z such that F σ (λ 1 , . . . , λ s , µ, . . . , µ) = 0 for all λ 1 , . . . , λ s ∈ Z and µ > B. But by injectivity of x s+1 , . . . , x r , we obtainF σ = 0, so F = 0, which is a contradiction.
In order to generalise the result of the previous proposition to arbitrary nonsingular toric varieties, we need the following proposition for gluing purposes.
Proposition 2.8. Let U σ be a nonsingular affine toric variety defined by a cone σ in a lattice N of rank r. Let E be a pure equivariant sheaf on U σ with support V (τ ) where τ ≺ σ. Let (ρ 1 , . . . , ρ r ) be the rays of σ and (ρ 1 , . . . , ρ s ) ⊂ (ρ 1 , . . . , ρ r ) the rays of τ . Let ν ≺ σ be a proper face and consider the equivariant coherent sheaf E| Uν . Then the ν-family corresponding to E| Uν is described in terms of the σ-family corresponding to E as follows:
Proof. There is an integral element m ν ∈ relative interior(ν ⊥ ∩ σ ∨ ), such that S ν = S σ +Z ≥0 (−m ν ) (e.g. [Per1, Thm. 3.14] ). Let ρ i 1 , . . . , ρ ip be the rays of ν and let ρ j 1 , . . . , ρ jq be all the other rays (so p + q = r). Then
where all γ k > 0 integers. We obtain [Har1, Prop. II.5 
Case 1: τ is not a face of ν. Then there is a ray ρ l of τ which is not a ray of ν. Hence ρ l is equal to one of ρ j 1 , . . . , ρ jq , say without loss of generality
Case 2: τ ≺ ν. In this case, we can number the rays ρ i 1 , . . . , ρ ip of ν as follows (ρ 1 , . . . , ρ s , ρ s+1 , . . . , ρ s+t ). Assume E is described by a σ-familyÊ σ as in Proposition 2.7.
has a natural M-grading. In particular, for a fixed m ∈ M, the elements of degree m are finite sums of expressions of the form e ⊗ χ(m ′′ ), where 
For v > 0 large enough
From these remarks, one easily deduces the assertion.
As a special case of the above proposition we get the following result. If we take ν = τ , then we obtain that for all integers λ 1 , . . . , λ r
We obtain that all E σ (λ 1 , . . . , λ r ) are subspaces of E τ (λ 1 , . . . , λ s ).
Combining Propositions 2.7 and 2.8, we obtain a combinatorial description of pure equivariant sheaves with irreducible support on nonsingular toric varieties.
Theorem 2.9. Let X be a nonsingular toric variety with fan 1 ∆ in a lattice N of rank r. Let τ ∈ ∆ and consider the invariant closed subvariety V (τ ). It is covered by U σ , where σ ∈ ∆ has dimension r and τ ≺ σ. Denote these cones by σ 1 , . . . , σ l . For each i = 1, . . . , l, let ρ (ii) Let i, j = 1, . . . , l. Let ρ
The morphisms of C τ are described as follows. IfÊ ∆ ,F ∆ are two objects, then a morphismφ
Proof. Note that V (τ ) is covered by the star of τ , i.e. the cones σ ∈ ∆ such that τ ≺ σ [Ful, Sect. 3.1] . Let σ 1 , . . . , σ l ∈ ∆ be the cones of maximal dimension in the star of τ . Let E be a pure equivariant sheaf on X with support V (τ ). Then E| Uσ i is a pure equivariant sheaf on U σ i with support V (τ ) ∩ U σ i for all i = 1, . . . , l (using Proposition 2.3). Using Proposition 2.7, we get a σ i -familyÊ σ i for all i = 1, . . . , l (this gives (i) of the theorem). Using Proposition 2.8, we see that these σ-families have to glue as in (ii) (up to isomorphism).
In the above theorem, we will refer to the category C τ as the category of pure ∆-families with support V (τ ). If we take τ = 0 to be the apex in this theorem, we obtain the known combinatorial description of torsion free equivariant sheaves on nonsingular toric varieties initially due to Klyachko [Kly4] and also discussed by Knutson and Sharpe [KS1, Sect. 4 .5] and Perling [Per1, Subsect. 4.4.2] . The theorem generalises this description. In the case τ = 0 is the apex, we will refer to the category C 0 as the category of torsion free ∆-families. In the above theorem, denote by C τ,f r the full subcategory of C τ consisting of those elements having all limiting vector spaces E σ i (Λ 1 , . . . , Λ s , ∞, . . . , ∞) equal to k ⊕r for some r. We refer to C τ,f r as the category of framed pure ∆-families with support V (τ ). This notion does not make much sense now because C τ,f r is equivalent to C τ , but it will become relevant when looking at families.
Combinatorial Descriptions in the General Case
The results of the previous subsection generalise in a straightforward way to the case of general -not necessarily irreducible-support. Since the proofs will require no essentially new ideas, we will just discuss the results.
Let us first discuss the generalisation of Proposition 2.6. Let U σ be a nonsingular affine toric variety defined by a cone σ in a lattice N of rank r. Let E = 0 be an equivariant coherent sheaf on U σ . Then Supp(E) = V (τ 1 ) ∪ · · · ∪ V (τ a ) for some faces τ 1 , . . . , τ a ≺ σ. Now fix faces τ 1 , . . . , τ a ≺ σ, let (ρ 1 , . . . , ρ r ) be the rays of σ and let ρ sα for each α = 1, . . . , a such that the region R is defined by
sa )], moreover, there is no region R ′ of such a form with more upper bounds contained in R with the same property. Note that if we assume in addition that E is pure, then all the V (τ α ) have the same dimension so
where τ 1 , . . . , τ a are some faces of σ of dimension s = r −d. One possible support would be taking τ 1 , . . . , τ a all faces of σ of dimension s = r − d. In this case, the region R will be a disjoint union of the following form (i) There are integers A 1 , . . . , A r , B 1 , . . . , B r such that E σ (λ 1 , . . . , λ r ) = 0 unless (λ 1 , . . . , λ r ) ∈ R, where the region R is as above.
Note that in this proposition, the only essentially new type of condition compared to Proposition 2.7 is condition (6). We obtain the following theorem. 
The morphisms of C τ 1 ,...,τa are described as follows. IfÊ ∆ ,F ∆ are two objects, then a morphismφ
Although we only described the "maximally reducible" case in Proposition 2.10 and Theorem 2.11, the reader will have no difficulty writing down the case of arbitrary reducible support. We refrain from doing this since the notation will become too cumbersome, whereas the ideas are the same.
Moduli of Equivariant Sheaves on Toric Varieties
In this section, we discuss how the combinatorial description of pure equivariant sheaves on nonsingular toric varieties of Theorems 2.9 and 2.11 can be used to define a moduli problem and a coarse moduli space of such sheaves using GIT. We will start by defining the relevant moduli functors and studying families. Subsequently, we will perform GIT quotients and show we have obtained coarse moduli spaces. Again, for notational convenience, we will first discuss the case of irreducible support and discuss the general case only briefly afterwards. The GIT construction gives rise to various notions of GIT stability depending on a choice of equivariant line bundle. In order to recover geometric results, we need an equivariant line bundle which precisely recovers Gieseker stability. Although currently we cannot construct such an equivariant line bundle in general, at the end of this section we will explicitly construct such an equivariant line bundle in the case we fix a Hilbert polynomial of torsion free sheaves such that rank and degree are coprime as topological data. This gives access to a large class of applications (see [Koo] ). In subsection 4.4, we note we can also construct an equivariant line bundle which precisely recovers µ-stability for reflexive sheaves.
Moduli Functors
We start by defining some topological data.
Definition 3.1. Let X be a nonsingular toric variety and use notation as in Theorem 2.9. Recall that σ 1 , . . . , σ l are the cones of maximal dimension having τ as a face. Let E be a pure equivariant sheaf on X with support V (τ ). The characteristic function χ E of E is defined to be the map
We denote the set of all characteristic functions of pure equivariant sheaves on X with support V (τ ) by X τ . ⊘ Assume X is a nonsingular projective toric variety. Let O X (1) be an ample line bundle on X, so we can speak of Gieseker (semi)stable sheaves on X [HL, Sect. 1.2]. Let χ ∈ X τ . We will be interested in moduli problems of Gieseker (semi)stable pure equivariant sheaves on X with support V (τ ) and characteristic function χ. This means we need to define moduli functors, i.e. we need an appropriate notion of a family. Let Sch/k be the category of k-schemes of finite type. Let S be a k-scheme of finite type and, for any s ∈ S, define the natural morphism ι s : Spec(k(s)) −→ S, where k(s) is the residue field of s. We define an equivariant S-flat family to be an equivariant coherent sheaf F on X ×S (S with trivial torus action), which is flat w.r.t. the projection p S : X × S −→ S. Such a family F is said to be Gieseker semistable with support V (τ ) and characteristic function χ, if
* F is Gieseker semistable with support V (τ )×Spec(k(s)) and characteristic function χ for all s ∈ S. Two such families F 1 , F 2 are said to be equivalent if there is a line bundle L ∈ Pic(S) and an equivariant isomorphism
where L is being considered as an equivariant sheaf on S with trivial equivariant structure. Denote the set of Gieseker semistable equivariant S-flat families with support V (τ ) and characteristic function χ modulo equivalence by M τ,ss χ (S). We obtain a moduli functor
Similarly, we obtain a moduli problem and a moduli functor M τ,s χ in the geometrically Gieseker stable case. Also note that we could have defined alternative moduli functors M ′τ,ss
by using just equivariant isomorphism as the equivalence relation instead of the one above. We start with the following proposition. 
is constant for all s ∈ V . Note that the equivariant coherent sheaf F | Uσ×V corresponds to a finitely generated
where all F σ m are in fact finitely generated A-modules, so they correspond to coherent sheaves F σ m on V . Since F is S-flat, each F σ m is a locally free sheaf of some finite rank r(m) [Har1, Prop. III.9 .2]. Fix s ∈ V and consider the natural morphism
Families
The question now arises to what extent the various moduli functors defined in the previous subsection are corepresentable. In order to answer this question, we will give a combinatorial description of a family. Payne has studied a similar problem in [Pay] for equivariant vector bundles on toric varieties.
We start with some straight-forward generalisations of the theory in subsection 2.2.
Definition 3.3. Let U σ be an affine toric variety defined by a cone σ in a lattice N. Let S be a k-scheme of finite type. A σ-family over S consists of the following data: a family of quasi-coherent sheaves {F σ m } m∈M on S and morphisms χ σ m,m ′ :
Proposition 3.4. Let U σ be a nonsingular affine toric variety defined by a cone σ and let S be a k-scheme of finite type. The category of equivariant quasi-coherent sheaves on U σ × S is equivalent to the category of σ-families over S.
Proof. Let S = Spec(A) be affine and (F , Φ) an equivariant coherent sheaf. We have a regular action of T on Per1, Thm. 2.30] ). This time however, the F σ m are A-modules instead of k-vector spaces. This gives the desired equivalence of categories. It is easy to see that the same holds for arbitrary S by gluing.
In the context of the previous proposition, a σ-familyF σ over S is called finite if all F σ m are coherent sheaves on S, there are integers A 1 , . . . , A r such that F σ (λ 1 , . . . , λ r ) = 0 unless A 1 ≤ λ 1 , . . ., A r ≤ λ r and there are only finitely many m ∈ M such that the morphism
is not surjective. Proof. It is not difficult to derive that the equivalence of Proposition 3.4 restricts to an equivalence between the category of equivariant coherent sheaves on X × S and the category of finite σ-families over S. In the proof of Proposition 3.2, we saw that S-flatness gives rise to locally free of finite rank.
In the context of the previous proposition, letF σ be a σ-family over S corresponding to an equivariant S-flat family F . For each connected component C ⊂ S, the characteristic function χ Fs : M −→ Z, gives us the ranks of the F σ m on C. Proposition 3.6. Let U σ be a nonsingular affine toric variety defined by a cone σ in a lattice N of rank r. Let τ ≺ σ and let (ρ 1 , . . . , ρ s ) ⊂ (ρ 1 , . . . , ρ r ) be the rays of τ respectively σ. Let S be a k-scheme of finite type and χ ∈ X τ . Let F be an equivariant S-flat family such that χ Fs = χ for all s ∈ S and letF σ be the corresponding σ-family over S. Then the fibres F s are pure equivariant with support V (τ ) × k(s) if and only if the following properties are satisfied:
. ., A r ≤ λ r and for λ i = λ 1 , . . . , λ s there is no such upper bound.
(ii) For any s ∈ S, F s has a corresponding σ-familyF s σ as in Proposition 2.7 (over ground field k(s)) with bounding integers
Proof. Note first of all that the entire theory of subsection 2.2 works over any ground field of characteristic 0, so we can replace k by k(s) in all the results (s ∈ S).
The result easily follows from Proposition 2.7.
Before we proceed, we need a technical result.
Proposition 3.7. Let S be a k-scheme of finite type and let φ : E −→ F be a morphism of locally free sheaves of finite rank on S. Let ι s : k(s) −→ S be the natural morphism for all s ∈ S. Then φ is injective and coker(φ) is S-flat if and only if ι * s φ is injective for all s ∈ S.
Proof. By taking an open affine cover over which both locally free sheaves trivialise, it is easy to see we are reduced to proving the following:
Claim. Let (R, m) be a local ring. Let k = R/m be the residue field and let φ : R ⊕a −→ R ⊕b be an R-module homomorphism. Then φ is injective and coker(φ) is free of finite rank if and only if the induced map φ : k ⊕a −→ k ⊕b is injective.
Proof of Claim:
Applying − ⊗ R k and using the assumption, we obtain a short exact
Take c basis elements of M/mM, then their representatives in M generate M as an R-module (Nakayama's Lemma). Take preimages x 1 , . . . , x c in R ⊕b . Denote the standard generators of R ⊕c by e 1 , . . . , e c and define ψ :
Here the top sequence is split exact and in the lower sequence we still have to verify φ is injective. Furthermore, all squares commute and φ + ψ is an isomorphism, because φ + ψ is surjective [Eis, Cor. 4.4] . Therefore all vertical maps are isomorphisms. The statement now follows.
Proof of Claim: ⇒. We have a short exact sequence 0
We can now derive a combinatorial description of the type of families we are interested in for the affine case.
Proposition 3.8. Let U σ be a nonsingular affine toric variety defined by a cone σ in a lattice N of rank r. Let τ ≺ σ and let (ρ 1 , . . . , ρ s ) ⊂ (ρ 1 , . . . , ρ r ) be the rays of τ respectively σ. Let S be a k-scheme of finite type and χ ∈ X τ . The category of equivariant S-flat families F with fibres F s pure equivariant with support V (τ ) × k(s) and characteristic function χ is equivalent to the category of σ-familiesF σ over S having the following properties:
, the maps x s+1 , . . . , x r are inclusions with S-flat cokernels and there are integers λ s+1 , . . . , λ r such that
Proof. Note that if we have a σ-familyF σ as in (i), (ii), (iii), then all F σ m are locally free of finite rank [Har1, Prop. III.9.1A(e)]. The statement immediately follows from Propositions 3.5, 3.6 and 3.8.
The general combinatorial description of the kind of families we are interested in easily follows.
Theorem 3.9. Let X be a nonsingular toric variety with fan ∆ in a lattice N of rank r. Let τ ∈ ∆, then V (τ ) is covered by those U σ where σ ∈ ∆ has dimension r and τ ≺ σ. Denote these cones by σ 1 , . . . , σ l . For each i = 1, . . . , l, let ρ
be the rays of τ respectively σ i . Let S be a k-scheme of finite type and χ ∈ X τ . The category of equivariant S-flat families F with fibres F s pure equivariant sheaves with support V (τ )×k(s) and characteristic function χ is equivalent to the category C τ χ (S), which can be described as follows. An objectF ∆ of C τ χ (S) consists of the following data:
The morphisms of C τ χ (S) are described as follows. IfF ∆ ,Ĝ ∆ are two objects, then a
Proof. This theorem follows from combining Proposition 3.8 and an obvious analogue of Proposition 2.8.
Note that in the context of the above theorem, we can define the following moduli functor
For later purposes, we need to define another moduli functor. If S is a k-scheme of finite type, then we define C τ,f r χ (S) to be the full subcategory of C τ χ (S) consisting of those objectsF ∆ with each limiting sheaf
for some n(Λ 1 , . . . , Λ s ) ∈ Z ≥0 . We would like to think of the objects of this subcategory as framed objects. This gives rise to a moduli functor C τ,f r χ : (Sch/k) o −→ Sets.
GIT Quotients
Our goal is to find k-schemes of finite type corepresenting the moduli functors M ss χ and M s χ . We will do this using GIT.
Let X be a nonsingular toric variety, use notation as in Theorem 2.9 and fix χ ∈ X τ . The integers A
r for i = 1, . . . , l in Theorem 2.9 of any pure equivariant sheaf E on X with support V (τ ) and characteristic function χ are uniquely determined by χ (if we choose them in a maximal respectively minimal way). Note that we have A
which is independent of i = 1, . . . , l, because of the gluing conditions in Theorem 2.9. For all other values of Λ 1 , . . . , Λ s ∈ Z, we define n(Λ 1 , . . . , Λ s ) = 0. In general, denote by Gr(m, n) the Grassmannian of m-dimensional subspaces of k n and by Mat(m, n) the affine space of m × n matrices with coefficients in k. Define the following ambient nonsingular quasi-projective variety
There is a natural closed subscheme N τ χ of A with closed points precisely the framed pure ∆-families with support V (τ ) and characteristic function χ. This closed subscheme is cut out by requiring the various subspaces of any k n(Λ 1 ,...,Λs) to form a multi-filtration and by requiring the matrices between the limiting vector spaces k n(Λ 1 ,...,Λs) to commute and be compatible with the multi-filtrations (see Theorem 2.9). Using the standard atlases of Grassmannians, it is not difficult to see that these conditions cut out a closed subscheme. Define the reductive algebraic group
There is a natural regular action of G on A leaving N and M τ,s χ as moduli spaces. Before making this more precise, we would like to make the problem a bit more geometric. From now on, assume X is projective and we fix an ample line bundle O X (1) on X. The natural notion of stability of coherent sheaves on X is Gieseker stability.
Assumption 3.10. Let X be a nonsingular projective toric variety defined by a fan ∆. Let O X (1) be an ample line bundle on X and τ ∈ ∆. Then for any We will refer to equivariant line bundles as in this assumption as equivariant line bundles matching Gieseker and GIT stability. So far, the author cannot prove the existence of such equivariant line bundles in full generality. In the next subsection, we will construct such equivariant line bundles in the case τ = 0 (i.e. torsion free equivariant sheaves) and χ chosen such that rank and degree (which depend only on (X, O X (1)) and χ) are coprime. In this case, any coherent sheaf with this rank and degree is µ-stable if and only if µ-semistable if and only if Gieseker stable if and only if Gieseker semistable [HL, Lem. 1.2.13, Lem. 1.2.14]. In addition, the existence of equivariant line bundles matching Gieseker and GIT stability can be proved in specific examples, e.g. for rank 2 torsion free sheaves on P 1 × P 1 (we will not discuss this). Finally, in subsection 4.4 we will prove for reflexive equivariant sheaves, we can always construct an equivariant line bundle matching GIT stability and µ-stability. In the setting of the following subsection already, we will see that the equivariant line bundle of the assumption is far from unique. Note that in the classical construction of moduli spaces of sheaves, one also needs to match GIT stability of the underlying GIT problem to Gieseker stability (see [HL, Thm. 4.3.3 
]).
We can now prove the following results regarding representability and corepresentability. Proof. Define the moduli functor
It is easy to see that G is naturally represented by G defined in equation ( where the first natural transformation is injective over all S ∈ Sch/k and we use Theorem 3.9 to obtain the isomorphism C 
τ,ss,f r χ / ∼ = (U α ) and therefore we get a morphism
for all α ∈ I. From the fact that Φ is a natural transformation, it is easy to see that {F α } α∈I glues to a morphism F : S −→ M We end this subsection, by discussing how the theory developed in section 3 so far generalises to the case of possibly reducible support. Again, no essentially new ideas will occur, only the notation will become more cumbersome. Let X be a nonsingular toric variety defined by a fan ∆. Let τ 1 , . . . , τ a ∈ ∆ be some cones of some dimension s. Let σ 1 , . . . , σ l ∈ ∆ be all cones of maximal dimension having a cone τ α as a face. In subsection 2.3, we discussed how to describe pure equivariant sheaves on X with support
We define characteristic functions of such sheaves as in Definition 3.1, we denote the set of all such characteristic functions by X τ 1 ,...,τa and we define the moduli functors M It is important to note that the moduli spaces of Theorems 3.12 and 3.13 are very explicit and combinatorial in nature and their construction is very different from the construction of general moduli spaces of sheaves, which makes use of Quot schemes and requires boundedness results [HL, .
Matching Stability
In this subsection, we will prove the existence of an equivariant line bundle matching Gieseker and GIT stability in the case of a Hilbert polynomial P of degree dim(X), such that rank and degree, which only depend on (X, O X (1)) and P , are coprime. For the definition of rank and degree, see [HL, Def. 1.2.2, 1.2.11].
To make the above statement precise, we first need to investigate how characteristic functions, the natural topological invariants for moduli spaces of equivariant sheaves, are related to Hilbert polynomials. In fact, it turns out the characteristic function entirely determines the Hilbert polynomial.
Proposition 3.14. Let X be a nonsingular projective toric variety defined by a fan ∆. Let O X (1) be an ample line bundle on X and let τ 1 , . . . , τ a ∈ ∆ be some cones of dimension s. Then the Hilbert polynomial of any pure equivariant sheaf on X with support V (τ 1 ) ∪ · · · ∪ V (τ a ) and characteristic function χ is the same. We refer to this polynomial as the Hilbert polynomial associated to χ and denote the collection of all characteristic functions χ ∈ X τ 1 ,...,τa having the same associated Hilbert polynomial P by X τ 1 ,...,τa P .
Proof. In the case a = 1, τ = 0 (i.e. for torsion free sheaves), this follows from the fact that the Chern character of any torsion free equivariant sheaf only depends on the dimensions the weight spaces of its associated torsion free ∆-family (see [KS1, Subsect. 4 1 . Combining these two references in fact gives an explicit formula to compute the Chern class and Hilbert polynomial from χ. The general case can be quickly seen as follows. Assume the fan ∆ lies in a lattice N of rank r. Let E be a pure equivariant sheaf on X with support V (τ 1 ) ∪ · · · ∪ V (τ a ) and characteristic function χ. The Hilbert polynomial of E is the unique polynomial P E (t) ∈ Q[t] satisfying
for all t ∈ Z. Clearly, for a fixed t ∈ Z, χ(E ⊗ O X (t)) only depends on the equivariant isomorphism class [E] hence only on the isomorphism class [Ê ∆ ], whereÊ ∆ is the pure ∆-family corresponding to E. Note that χ(E ⊗ O X (t)) does not vary if we vary the module structure of E [Har1, Prop. III.2.6]. The module structure of E is encoded in the k-linear maps χ σ i 1 ( λ), . . . , χ σ i r ( λ), where i = 1, . . . , l and λ ∈ Z r ∼ = M. Here σ 1 , . . . , σ l are all cones of maximal dimension having a τ α (α = 1, . . . , a) as a face. Therefore, χ(E ⊗ O X (t)) can only depend on the dimensions of the weight spaces ofÊ ∆ , i.e. only on χ.
Before we proceed, we need a technical result, which is interesting in its own right. As we have seen in Proposition 2.4, for a G-equivariant coherent sheaf, it is enough to test purity just for G-equivariant coherent subsheaves. It is natural to ask whether an analogous property holds for Gieseker stability. Proof. The statement on Gieseker semistability is clear by noting that the HarderNarasimhan filtration of E is G-equivariant. For the definition of the Harder-Narasimhan filtration see [HL, Def. 1.3.2] . Now assume X is in addition a toric variety with torus G = T and for any proper equivariant coherent subsheaf F ⊂ E one has p F < p E . We have to prove E is Gieseker stable. Since E is clearly Gieseker semistable, it contains a unique nontrivial maximal Gieseker polystable subsheaf S with the same reduced Hilbert polynomial as E. The sheaf S is called the socle of E [HL, Lem. 1.5.5]. Because of uniqueness, S is an equivariant coherent subsheaf hence E = S. Therefore, there are n ∈ Z >0 mutually non-isomorphic Gieseker stable sheaves E 1 , . . . , E n , positive integers m 1 , . . . , m n and an isomorphisms of coherent sheaves θ :
We claim each of the θ(E i ) is an equivariant coherent subsheaf of E. This would prove the proposition. We proceed in two steps. First we show E i a priori admits an equivariant structure for each i = 1, . . . , n. Subsequently, we use representation theory of the algebraic torus T . Denote by Φ the equivariant structure on E, by σ : T × X −→ X the regular action of T on X, by p 2 : T × X −→ X projection and by T cl the set of closed points of T .
We claim each E i admits an equivariant structure. By Proposition 4.3 below, it is enough to prove E i is invariant, i.e. σ * E i ∼ = p * 2 E i . By a nontrivial fact of section 4, this is equivalent to t * E i ∼ = E i for all t ∈ T cl (see Proposition 4.2 and its proof). Note that we use the fact that X is a toric variety and G = T is an algebraic torus. The fact that t * E i ∼ = E i for any i = 1, . . . , n, t ∈ T cl can be deduced as follows. Since each E i is indecomposable, the Krull-Schmidt property of the category of coherent sheaves on X [Ati, Thm. 2] implies for any i = 1, . . . , n and t ∈ T cl there is an isomorphism t * E i ∼ = E j for some j = 1, . . . , n. Note that for i, j = 1, . . . , n we have [HL, Prop. 1.2.7] Hom(E i , E j ) = k if i = j 0 otherwise.
Fix i = 1, . . . , n and define Γ j = {t ∈ T cl | t * E i ∼ = E j } for each j = 1, . . . , n. Each Γ j can be written as
by using the fact that any morphism between Gieseker stable sheaves with the same reduced Hilbert polynomial is zero or an isomorphism [HL, Prop. 1.2.7] . We deduce each Γ j is a closed subset by a semicontinuity argument. But each Γ j is also open, because its complement is the disjoint union k =j Γ k . Connectedness of T cl implies T cl = Γ i , since 1 ∈ Γ i . Therefore, we obtain an equivariant structure Ψ (i) on E i for each i = 1, . . . , n.
Fix i = 1, . . . , n. Using θ, we obtain Hom(E i , E) ∼ = k ⊕m i and any nonzero element of Hom(E i , E) is injective. The equivariant structures Φ, Ψ (i) give us a regular representation of T cl
where we define Φ t = i * t Φ, Ψ (i) t = i * t Ψ (i) using the natural morphism i t : X −→ T × X for any t ∈ T cl . Now use that we are dealing with an algebraic torus T to deduce there are 1-dimensional k-vector spaces V
and Ψ (i)
a to be the equivariant structure onṽ
and the equivariant structure Φ induces an equivariant structure on eachṽ
a ) is the equivariant structure induced by the characterχ
For X a nonsingular projective toric variety with ample line bundle O X (1), it makes sense to consider a fixed Hilbert polynomial P of degree dim(X) giving rise to coprime rank and degree. Any pure sheaf on X with Hilbert polynomial P , which consequently has dimension dim(X), is µ-stable if and only if µ-semistable if and only if Gieseker stable if and only if Gieseker semistable [HL, Lem. 1.2.13, 1.2.14]. It now makes sense to speak of all characteristic functions having associated Hilbert polynomial P , i.e. the collection X 0 P . For these characteristic functions, we explicitly construct an equivariant line bundle matching Gieseker and GIT stability, which will give access to a large class of applications. χ . Proof. We will prove a slightly stronger result. Take χ ∈ X 0 arbitrary, so not necessarily with associated Hilbert polynomial P . We will prove there is an equivariant line bundle L 0 χ , such that for any torsion free equivariant sheaf E on X with characteristic function χ E is properly GIT stable =⇒ E is µ-semistable, E is µ-stable =⇒ E is properly GIT stable.
By the analogue of Proposition 3.15, namely Proposition 4.12 discussed in section 4, we note that if E is a torsion free equivariant sheaf on X, then E is µ-semistable if and only if for any equivariant coherent subsheaf F ⊂ E with 0 < rk(F ) < rk(E) we have µ(F ) ≤ µ(E).
Let X be defined by a fan ∆ in a lattice N of rank r. Let E be a torsion free equivariant sheaf on X with characteristic function χ and corresponding framed torsion free ∆-familŷ E ∆ . Assume E has rank M (we can assume M ≥ 2 otherwise (9) is trivial). Then E ∆ consists of multifiltrations {E σ i ( λ)} λ∈Z r of k ⊕M , for each i = 1, . . . , M, such that each multifiltration reaches k ⊕M (see Theorem 2.9). Moreover, for each i = 1, . . . , M,
r be maximally chosen with this property). These multifiltrations satisfy certain gluing conditions (see Theorem 2.9). Let (ρ 1 , . . . , ρ N ) be all rays and let A 1 , . . . , A N be the corresponding integers among the A (i) j (this makes sense because of the gluing conditions). Fix j = 1, . . . , N and let σ i be some cone of maximal dimension having ρ j as a ray. Let ρ 
and elements p j (1) ∈ Gr(1, M), p j (2) ∈ Gr(2, M), . . ., p j (M − 1) ∈ Gr(M − 1, M), such that the filtration changes value as follows
These definitions are independent of the cone σ i chosen, because of the gluing conditions. Denote the toric divisor V (ρ j ) corresponding to the ray ρ j by D j . Using the formula for first Chern classes from [KS1, Subsect. 4.3.1, 4.5.2] (in particular the formula following (9)), we easily obtain
where O(2) means terms of degree ≥ 2 in the Chow ring A(X) ⊗ Z Q. Using the Euler sequence
for the tangent bundle T X of X and using the expression of the Todd class in terms of the Chern class [Har1, App. A], we obtain td(T X ) = 1 + 1 2
Now c 1 (O X (1)) = N j=1 α j D j for some integers α j (this is discussed in somewhat more detail in subsection 4.2). Consequently,
From the Hirzebruch-Riemann-Roch Theorem [Har1, Thm. A.4 .1], we obtain the two leading terms of the Hilbert polynomial of E
where . . . means terms of degree < r − 1 in t, {−} r denotes the component of degree r in A(X) ⊗ Z Q and deg :
an m-dimensional subspace and letF ∆ =Ê ∆ ∩ W ⊂Ê ∆ be the maximal corresponding subfamily. Let F W ⊂ E be the corresponding equivariant coherent subsheaf. Analogous to the previous reasoning, one computes the two leading terms of the Hilbert polynomial of F W to be
where the term on the second line can be straightforwardly derived by using induction on M. Before we continue, we make two remarks regarding positivity. Firstly, since the leading coefficient of any Hilbert polynomial is positive, we deduce deg 
Combining our results so far and using the definition of slope of a coherent sheaf [HL, Def. 1.2 .11], we obtain that E is µ-semistable if and only if for any subspace 0 = W k ⊕M we have
We are now ready to prove (9). Let χ ∈ X 0 be arbitrary. From χ we read of the integers A j , the rank M (we assume M ≥ 2 otherwise (9) is trivial) and the nonnegative integers ∆ j (k) ∈ Z. Without loss of generality, we can assume not all ∆ j (k) = 0 (otherwise there are no µ-stable torsion free equivariant sheaves on X with characteristic function χ and (9) is trivial). In subsection 3.3, we defined the closed subscheme
Gr(n α , M).
Here a ∈ Z ≥0 and 0 < n 1 , . . . , n a < M are some integers. A closed point of N 0 χ is of the form (p j (k); q α ) j=1,...,N,k=1,...,M −1,α=1,...,a , where there are certain compatibilities among the p j (k), q α dictated by the shape of χ. An equivariant line bundle L 0′ χ on A ′ is of the form (κ jk ; κ α ) j=1,...,N,k=1,...,M −1,α=1,...,a , where κ jk , κ α can be any integers [Dol, Lem. 11.1] . Such a line bundle is ample if and only if all κ jk , κ α > 0 [Dol, Sect. 11.1] . The notion of GIT stability determined by such an equivariant ample line bundle is spelled out in [Dol, Thm. 11.1] . Suppose a = 0. Choose
Implications (9) now follow easily from [Dol, Thm. 11 .1] and [MFK, Thm. 1.19] . Now assume a > 0. Let R be a positive integer satisfying 0 < a α=1
R and κ α = 1 for all j, k, α. Note that any µ-stable torsion free equivariant sheaf on X with characteristic function χ and corresponding framed torsion free ∆-family defined by (p j (k); q α ) j=1,...,N,k=1,...,M −1,α=1,. ..,a satisfies
for any subspace 0 = W k ⊕M . Using [Dol, Thm. 11 .1] and [MFK, Thm. 1.19] , we obtain (9).
Fixed Point Loci of Moduli Spaces of Sheaves on Toric Varieties
In this section, we would like to study how the very explicit moduli spaces of pure equivariant sheaves of the previous section relate the to fixed point loci of the moduli spaces of all sheaves on toric varieties. We start by studying the torus action on the moduli space of all sheaves on a toric variety. Subsequently, we study relations between equivariant and invariant simple sheaves. In the case we can match Gieseker and GIT stability, we prove a theorem expressing the fixed point locus of the moduli space of all Gieseker stable sheaves on a toric variety in terms of the very explicit moduli spaces of pure equivariant sheaves of the previous section. This match can always be achieved for torsion free equivariant sheaves of coprime rank and degree, which yields the theorem discussed in the introduction (Theorem 1.1). After discussing some examples appearing in the sequel [Koo] , where we consider X a nonsingular complete toric surface, we prove how the fixed point locus of any moduli space of µ-stable sheaves on a nonsingular projective toric variety can be expressed combinatorially.
Torus Actions on Moduli Spaces of Sheaves on Toric Varieties
Let us briefly recall some notions of moduli of sheaves in general as discussed in [HL, Ch. 4] . Let X be a connected projective k-scheme, O X (1) an ample line bundle and P ∈ Q[t]. Let S be a k-scheme of finite type. Any two S-flat families F 1 , F 2 are said to be equivalent if there exists a line bundle L ∈ Pic(S) and an isomorphism F 1 ∼ = F 2 ⊗p * S L, where p S : X ×S −→ S is projection. Let M ss P (S) be the collection of equivalence classes of Gieseker semistable S-flat families with Hilbert polynomial P . Likewise, let M 
Proof. Denote the action of the torus by σ : T × X −→ X. Let m be an integer such that any Gieseker semistable sheaf on X with Hilbert polynomial P is m-regular [HL, Sect. 4.3] .
. We start by noting that any line bundle on X admits a T -equivariant structure, since Pic(T ) = 0 (e.g. [Dol, Thm. 7 .2]). As a consequence, we can choose a T -equivariant structure Φ ′ on O X (1). By redefining
• Φ ′ we have in fact picked a T -equivariant structure Φ with Φ 1 = 1. The T -equivariant structure Φ induces a T -equivariant structure on O X (−m) and therefore it induces a T -equivariant structure Φ H : σ * H −→ p * 2 H (where we let T act trivially on V ), which also satisfies Φ H,1 = 1. Let Q = Quot X/k (H, P ) be the Quot functor and let Q = Quot X/k (H, P ) be the Quot scheme. Here Q is a projective k-scheme representing
where for any k-scheme S we denote the contravariant functor Hom(−, S) by S. Now let [H Q u −→ U] be the universal family. Here H Q is the pull-back of H along projection X × Q −→ X, U is a Q-flat coherent sheaf on X × Q with Hilbert polynomial P and u is a surjective morphism. Let p 12 : T × X × Q −→ T × X be projection, then it is easy to see that precomposing (σ × 1 Q ) * u with p * 12 Φ −1
H gives an element of Q(T × Q). Applying Ξ T ×Q gives a morphism σ : T × Q −→ Q, our candidate regular action. Note that σ depends on the choice of T -equivariant structure on H. For any closed point t ∈ T , let i t : X −→ T × X be the induced morphism and consider Φ H,t = i *
Using the properties of the universal family and the definition of σ, it is easy to see that the closed point corresponding to σ(t, p) = t · p is
Using the properties of the universal family, a somewhat tedious yet straightforward exercise shows that σ : T × Q −→ Q satisfies the axioms of an action. Let R ⊂ Q be the open subscheme with closed points those elements [H ρ −→ F ] ∈ Q, where F is Gieseker semistable and the induced map V −→ H 0 (X, F (m)) is an isomorphism. Since the T -equivariant structure on H comes from a T -equivariant structure on O X (1) and a trivial action of T on V , σ restricts to a regular action on R. Let G = PGL(V ), then there is a natural (right) action Q × G =⇒ Q. This induces a regular (right) action of G on Q, which restricts to R. The moduli space M ss = M ss P can be formed as a categorical quotient π : R −→ M ss [HL, Sect. 4.3] . Consider the diagram
The morphism σ : T × R −→ R is G-equivariant (where we let G act trivially on T ). Again, this can be seen by using that the T -equivariant structure on H comes from a T -equivariant structure on O X (1) and a trivial action of T on V . Consequently, π • σ is G-invariant. From the definition of a categorical quotient, we get an induced morphism σ : T × M ss −→ M ss . Again, using the definition of a categorical quotient, we obtain that σ : 
Proof. Let the notation be as in the proof of Proposition 4.1. From the definition of σ : T × M s −→ M s , it is clear that the fixed point locus can at least be characterised as [Fog, Rmk. 4] (
However, we claim that moreover
The inclusion "⊃" is clear. The inclusion "⊂" is more difficult. Let [F ] ∈ M s be a closed point corresponding to a morphism j :
be a lift and let the corresponding morphism be i : k −→ R s . Requiring [F ] to be in the fixed point locus is equivalent to requiring the following diagram to commute [Fog, Thm. 2.3] where f : T −→ k is the morphism making T into a k-scheme. Using the lift, this is equivalent to ̟ •σ •(1 T ×i) = ̟ •i•f . Using the definition of σ and the universal family on the Quot scheme, it is not difficult to see that the maps ξ : [F ] lies in the fixed point locus. Since ̟ is a principal G-bundle [HL, Cor. 4.3 .5] (corollary of Luna'sÉtale Slice Theorem), it is not difficult to see that ̟ • ξ = ̟ • η implies there is anétale cover {U i −→ T } i∈I such that for all i ∈ I there exists a morphism g i :
Note that we can take the U i 's to be affine by restricting to finite open affine covers. This has the advantage that each U i will be a separated scheme of finite type over k, being moreover reduced [EGA2, Prop. 17.5.7 ]. We will need this later.) Since Ξ is G-equivariant and a natural isomorphism, we obtain
for all i ∈ I. We obtain an isomorphism
The last part of the proof consists of showing that we can glue these together to a global isomorphism using the fact that F is simple (because Gieseker stable) and Pic(T ) = 0.
we define a morphism φ ij : U ij −→ G m as follows. For each closed point τ ∈ U ij let i τ : X −→ U ij × X be the canonical morphism and define
Clearly, this defines a 1-cocycle in the firstétaleČech cohomology groupȞ [Mil, Prop. III.4.9] ). As a consequence, there exists a collection of morphisms
for all i, j ∈ I and closed points τ ∈ U ij . By multiplying with the f i 's, we can redefine the Ψ i 's to obtain isomorphisms {Ψ i :
for all i, j ∈ I and closed points τ ∈ U ij . This in turn impliesΨ i | U ij ×X =Ψ j | U ij ×X for all i, j ∈ I. (We use the fact that the U i 's are reduced [EGA2, Prop. 17.5.7] , so for any open affine subset Spec(A) ⊂ U i , the ring A is reduced and therefore the intersection of all maximal ideals in A equals zero m⊂A m = 0.) Descent for quasi-coherent sheaves tells us theΨ i glue uniquely to an isomorphismΨ : Vis, Thm. 4.23] . Note that if we are in the situation of Propositions 4.1 and 4.2, then the set (M s P ) T cl is independent of equivariant structure Φ on O X (1) with Φ 1 = 1. Whenever we are in the situation of these propositions, we assume we fix an arbitrary such Φ and induced torus action on M ss P without further notice.
Equivariant versus Invariant
Let G be an affine algebraic group acting regularly on a k-scheme X of finite type. From Proposition 4.2, we see that it is natural to define a G-invariant sheaf on X to be a sheaf (of modules) E on X for which there is an isomorphism σ * E ∼ = p * 2 E. Clearly, any G-equivariant sheaf on X is G-invariant, but the converse does not have to hold. In the situation of Proposition 4.2, the Gieseker stable invariant sheaves with Hilbert polynomial P are in bijection with the closed points of (M s P )
T . We have the following results.
Proposition 4.3. Let G be a connected affine algebraic group acting regularly on a scheme X of finite type over k. Assume X admits a G-invariant affine open cover. Let E be a simple sheaf on X. Then E is G-invariant if and only if E admits a G-equivariant structure.
Proof. Denote the action by σ : G × X −→ X and projection to the second component by p 2 : G × X −→ X. Assume E is a simple sheaf on X and we have an isomorphism Φ : σ * E −→ p * 2 E. We would like Φ to satisfy the cocycle identity. In order to achieve this, we use an argument similar to the proof of [Dol, Lem. 7 .1]. For any closed point g ∈ G given by a morphism k −→ G, let i g : X −→ G × X be the induced map and 1 ) • Φ, we might just as well assume Φ 1 = 1. Now define the morphism
where (−) cl means taking the closed points. We know F (g, 1) = F (1, h) = 1 and we have to prove F (g, h) = 1, for all closed points g, h ∈ G. Since G cl is an irreducible algebraic variety over an algebraically closed field k and F ∈ O(G cl × G cl ) * , we can use a theorem by Rosenlicht [Dol, Rmk. 7 .1], to conclude that F (g, h) = F 1 (g)F 2 (h), where
* , for all closed points g, h ∈ G. The result now follows immediately.
Proposition 4.4. Let G be an affine algebraic group acting regularly on a scheme X of finite type over k. Assume X admits a G-invariant affine open cover. Let E be a simple G-equivariant sheaf on X. Then all G-equivariant structures on E are given by E ⊗ O X (χ), where O X (χ) is the structure sheaf of X endowed with the G-equivariant structure induced by the character χ ∈ X(G).
We obtain a morphism of varieties χ :
g . In fact, from the fact that Φ, Ψ satisfy the cocycle identity, we see that χ is a character. This last proposition necessitates us to study the effect of tensoring an equivariant sheaf on a toric variety by an equivariant line bundle. We start with a brief recapitulation of equivariant line bundles and reflexive equivariant sheaves on toric varieties. On a general normal variety X, a coherent sheaf F is said to be reflexive if the natural morphism F −→ F ∨∨ is an isomorphism, where (−) ∨ = Hom(−, O X ) is the dual. Let X be a nonsingular toric variety defined by a fan ∆ in a lattice N of rank r. Take τ = 0 and let σ 1 , . . . , σ l be the cones of dimension r. For each i = 1, . . . , l, let ρ (i) 1 , . . . , ρ (i) r be the rays of σ i . The equivariant line bundles on X are precisely the rank 1 reflexive equivariant sheaves on X. In general, reflexive equivariant sheaves on X are certain torsion free equivariant sheaves on X and they admit a particularly nice combinatorial description in terms of filtrations associated to the rays of ∆. Denote the collection of rays by ∆(1). Let E be a nonzero finite-dimensional k-vector space. For each ray ρ ∈ ∆(1) specify a filtration of k-vector spaces
such that there is an integer i 1 with E ρ (i) = 0 whenever i < i 1 and there is an integer i 2 such that E ρ (i) = E whenever i > i 2 (such a filtration is called a full filtration of E). There is an obvious notion of morphisms between such collections of filtrations {E ρ (i)} ρ∈∆(1) . Suppose we are given such a collection of filtrations {E ρ (i)} ρ∈∆(1) . From it we obtain a torsion free ∆-family by defining
for all i = 1, . . . , l, λ 1 , . . . , λ r ∈ Z. Denote the full subcategory of torsion free ∆-families obtained in this way by R. The equivalence of categories of Theorem 2.9, restricts to an equivalence between the the full subcategory of reflexive equivariant sheaves on X and the full subcategory R (see [Per1, Thm. 4.21] ). This equivalence further restricts to an equivalence between the category of equivariant line bundles on X and the category of full filtrations of E = k associated to the rays of ∆. We obtain a canonical isomorphism Pic
for all j = 1, . . . , N. Denote the corresponding equivariant line bundle by L k . Note that the first Chern class of L k is given by c 1 (
, L k as above, then the corresponding torsion free ∆-family is given by (equation (10)) 
Proposition 4.5. Let X be a nonsingular toric variety with fan ∆ in a lattice N of rank r. Let τ 1 , . . . , τ a be some cones of ∆ of dimension s. Let σ 1 , . . . , σ l be all cones of ∆ of maximal dimension having a cone τ α as a face. For each i = 1, . . . , l, let ρ
be the rays of σ i . Let E be a pure equivariant sheaf on X with support
and its pure ∆-familyF ∆ is given by 
T
We are now ready to prove the theorem stated in the introduction (Theorem 1.1). An analogous result to Theorem 1.1 turns out to hold without any assumption on the Hilbert polynomial if we assume the existence of equivariant line bundles matching Gieseker and GIT stability. Therefore, we will first prove a general combinatorial expression for the fixed point locus of any moduli space of Gieseker stable sheaves on a nonsingular projective toric variety making this assumption (Theorem 4.8). Theorem 1.1 then follows as a trivial corollary of this result by combining with Theorem 3.16. Let X be a nonsingular projective toric variety defined by a fan ∆ in a lattice N of rank r. Let O X (1) be an ample line bundle on X and let P be a choice of Hilbert polynomial. The degree d of P is the dimension d of any coherent sheaf on X with Hilbert polynomial P . Let s = r −d and let τ 1 , . . . , τ a be all cones of ∆ of dimension s. For any i 1 < · · · < i α ∈ {1, . . . , a}, we have defined X τ i 1 ,...,τ iα P ⊂ X τ i 1 ,...,τ iα to be the subset of all characteristic functions with associated Hilbert polynomial P (see Proposition 3.14). Assume that for any χ ∈ X τ i 1 ,...,τ iα P , we can pick an equivariant line bundle matching Gieseker and GIT stability (e.g. for P of degree dim(X) giving rise to rank and degree coprime this can always be done, see Theorem 3.16). For any χ ∈ X τ i 1 ,...,τ iα P the obvious forgetful natural transformations M where the second morphism, on closed points, is just the map forgetting the equivariant structure. Consequently, we could expect the second morphism to factor through an isomorphism onto the fixed point locus (M s P ) T . Indeed it maps to the fixed point locus on closed points a α=1 i 1 <···<iα∈{1,...,a} χ∈X
and this map is surjective (Propositions 4.2 and 4.3). However, it is not injective (Proposition 4.4). Indeed, if E is an invariant simple sheaf on X, then it admits an equivariant structure (fix one) and all equivariant structures are given by E ⊗ O X (χ), χ ∈ M. So we have the character group acting as a gauge group. Therefore, we need to do gaugefixing and take a gauge slice before we can expect the morphism to factor through an isomorphism onto the fixed point locus (M s P ) T . In view of Proposition 4.5, this might be achieved as follows. Let σ 1 , . . . , σ l be all cones of maximal dimension. Let α = 1, . . . , a and i 1 < · · · < i α ∈ {1, . . . , a}. Let σ n be a cone among σ 1 , . . . , σ l having at least one of τ i 1 , . . . , τ iα as a face. For definiteness, we choose σ n the cone among σ 1 , . . . , σ l with this property and smallest index n. Let X τ i 1 ,...,τ iα P gf ⊂ X τ i 1 ,...,τ iα P consist of those characteristic functions for which the lower bounds A (n) 1 , . . . , A (n) r (maximally chosen) associated to the cone σ n satisfy A
In order to remind the definition of these lower bounds, the reader is referred back to subsection 2.3. We get a morphism
Claim. The map induced by F on closed points maps bijectively onto (M
Proof of Claim. This can be seen as follows. We need to characterise all equivariant line bundles O X (χ), χ ∈ X(T ) (introduced in Proposition 4.4). By [Dol, Cor. 7.1, Thm. 7 .2], they are precisely the elements of the kernel of the forgetful map in the short exact squence
is an equivariant line bundle (notation as in subsection 4.2). Then its underlying line bundle is trivial if and only if N j=1 k j V (ρ j ) = 0 in the Chow group A r−1 (X). The Chow group A r−1 (X) is the free abelian group on V (ρ 1 ), . . . , V (ρ N ) modulo the following relations [Ful, Sect. 5.2 
Let σ n be a cone of maximal dimension and take m ρ From this we see that for arbitrary k
is an equivariant line bundle with underlying line bundle trivial and k
Using Propositions 4.2, 4.3, 4.4 and 4.5, the claim follows.
The above claim provides good evidence that the morphism F of equation (11) indeed factors through an isomorphism onto the fixed point locus (M s P )
T . We will prove this using the following two technical results. where I ⊂ S is some ideal. It is enough to prove f # (I) = 0. Suppose this is not the case. Then there is some 0 = s ∈ I such that f # (s) = r = 0. There exists a maximal ideal m ⊂ R such that r is not mapped to zero by the localisation map R −→ R m (use a corollary of Krull's Theorem [AM, Cor. 10.21] and [AM, Exc. 4.10] ). Moreover, there is an integer n > 0 such that the canonical map R m −→ R m /(mR m ) n maps r/1 ∈ R m to a nonzero element (again, this follows from a corollary of Krull's Theorem [AM, Cor. 10.19] ). Now R m /(mR m ) n is a local artinian k-algebra with residue field k [AM, Prop. 8.6] . We obtain a k-algebra homomorphism R −→ R m /(mR m ) n such that precomposition with f # maps s to a nonzero element. But by assumption, this composition has to factor through S/I and since s ∈ I this is a contradiction. 
We would like to use a corollary of Luna'sÉtale Slice Theorem to conclude that ̟ is a principal G-bundle [HL, Cor. 4.2.13] . Unfortunately, the stabiliser of a closed point of N is the group µ p of pth roots of unity, where p = n i=1 n i , hence not trivial. Consider the diagonal closed subgroup G m ⊳ H and defineG = H/G m . There is a natural regular action of the reductive algebraic groupG on N τ i 1 ,...,τ iα χ giving rise to the same orbits as G. The natural morphism G −→G of algebraic groups gives rise to an isomorphism G/µ p ∼ =G of algebraic groups. If we fix a G-equivariant line bundle L, then it is easy to see that L ⊗p admits aG-equivariant structure. For both choices, the sets of GIT semistable respectively stable points will be the same and the categorical and geometric quotients will be the same. In particular M = N/G = N/G. The stabiliser inG of any GIT stable closed point of N is trivial. Consequently, ̟ : N −→ M is a principal G-bundle, i.e. there is anétale surjective morphism π : Y −→ M and aG-equivariant isomorphism ψ :
x x r r r r r r r r r r r Y.
Let P = [E] ∈ M be a closed point and let Q ∈ Y be a closed point such that π(Q) = P . Let A be any local artinian k-algebra with residue field k, let Hom(A, M) P be the set of morphisms A −→ M where the point is mapped to P and let Hom(A, Y ) Q be the set of morphisms A −→ Y where the point is mapped to Q. Using induction on the length 1 1 Note that for any local artinian k-algebra (A ′ , m ′ ) of length l ≥ 2 with residue field k there is a surjective local k-algebra homorphism σ : A ′ −→ A, where A is a local artinian k-algebra of length < l with residue field k and kernel J a principal ideal satisfying m ′ J = 0. Such surjective morphisms are called small extensions [Sch] .
of A and using the definition of formallyétale [EGA2, Def. 17.1.1] , it is easy to see that composition with π gives a bijection
As an aside, we note that this implies in particular that the Zariski tangent spaces at P and Q are isomorphic T Q Y ∼ = T P M, by taking A the ring of dual numbers. We have M(A) ∼ = Hom(A, N)/Hom(A, G) = Hom(A, N)/Hom(A,G). The first isomorphism follows from the definition of M (see proof of Theorem 3.12). The second equality can be deduced from the fact that the morphism G −→G isétale and surjective on closed points. Using these facts, together with the isomorphism ψ, we obtain a natural injection Hom(A, M) P ֒→ M(A) such that the following diagram commutes
Let M(A) P be the image of the injection Hom(A, M) P ֒→ M(A). Consider the natural morphism ι : k −→ A (we actually mean ι : Spec(k) −→ Spec(A)). It is easy to see that M(A) P is the set of equivariant isomorphism classes of A-flat equivariant coherent sheaves F on X × A such that there exists an equivariant isomorphism (1 X × ι) * F ∼ = E. We obtain a natural bijection
Taking a union over all closed points P gives the required bijection. The second bijection of the proposition can be proved entirely analogously. For the definition of the moduli functor and moduli space in this case, we refer to [HL, Ch. 4] .
We can now formulate and prove the following theorem. 
Proof. Consider the morphism F of equation (11). We start by noting that there are only finitely many characteristic functions χ in the disjoint union of the left hand side of equation (12) for which M τ i 1 ,...,τ iα ,s χ = ∅. This follows from the fact that the morphism F cl on closed points is bijective and the disjoint union is over a countable set. As a consequence, the left hand side of (12) is a quasi-projective k-scheme of finite type over k (see Theorem 3.13). We now want to apply Proposition 4.6 to the morphism F of equation (11) and the closed subscheme ι : (M
We proceed by induction on the length of local artinian k-algebras with residue field k. For length 1 (i.e. A ∼ = k), the hypothesis of Proposition 4.6 is satisfied. This is the content of the claim at the beginning of this subsection. Assume we have proved the hypothesis of Proposition 4.6 for all lengths 1, . . . , l and let A ′ be a local artinian k-algebra of length l + 1 with residue field k. Then it fits in a small extension 0 −→ J −→ A ′ σ −→ A −→ 0, where A is a local artinian k-algebra of length ≤ l with residue field k. Using [Fog, Thm. 2.3] , one can show the image of Hom(
We will drop the subscript cl referring to closed points from now on. Define abbreviations
Using Proposition 4.7, it is enough to prove that the map M(
By the induction hypothesis, we know M(A) −→ N (A) maps bijectively onto N (A)
T . Before we continue, we need to study the deformations and obstructions associated to the moduli functors M, N .
In general, let E 0 be a simple coherent sheaf on X and F 0 a simple equivariant coherent sheaf on X. Let Artin/k be the category of local artinian k-algebras with residue field k. Consider the deformation functor D E 0 : Artin/k −→ Sets, where D E 0 (A) is defined to be the set of isomorphism classes of A-flat coherent sheaves on X ×A such that F ⊗ k A ∼ = E 0 . Similarly, we define the deformation functor D eq F 0 : Artin/k −→ Sets, where D eq F 0 (A) is defined to be the set of equivariant isomorphism classes of A-flat equivariant coherent sheaves on X × A such that F ⊗ k A ∼ = E 0 (equivariant isomorphism). In our setting, we have a small extension 0 −→ J −→ A ′ σ −→ A −→ 0. We now consider the maps
The construction of this map can be found in [Art, Sect. 2] . Moreover, for any [F ] ∈ im(D E 0 (σ)), the fibre 
1 By Ext · X (−, −) we denote the Ext groups formed in the category Qco(X) of quasi-coherent sheaves on X. By T -Ext · X (−, −) we denote the Ext groups formed in the category Qco T (X) of T -equivariant quasi-coherent sheaves on X.
Rewriting the moduli functors in terms of deformation functors, we obtain
The remarks on obstructions and deformations together with the induction hypothesis, show that it is enough to relate the T -equivariant Ext groups to the invariant part of the ordinary Ext groups. It is enough to prove that for any equivariant coherent sheaves A, B on X and for any i ∈ Z there is a canonical bijection
This can be seen by using the following spectral sequence [Toh, Thm. 5.6 .3]
together with
Corollary 4.9 (Theorem 1.1). Let X be a nonsingular projective toric variety. Let O X (1) be an ample line bundle on X and let P be a choice of Hilbert polynomial of degree dim(X) giving rise to coprime rank and degree. Then there is a canonical isomorphism
Proof. Immediate from Theorems 4.8 and 3.16 1 .
The advantage of this result is that for any nonsingular projective toric variety X with ample line bundle O X (1) and Hilbert polynomial P of degree dim(X) giving rise to coprime rank and degree, we now have a combinatorial description of (M s P )
T in terms of the very explicit moduli spaces of torsion free equivariant sheaves of section 3. Explicit knowledge of (M s P )
T is useful for computing invariants associated to M s P , e.g. the Euler characteristic of M s P , using localisation techniques. This will be exploited in a sequel [Koo] , where we take X to be a nonsingular complete toric surface. We will compute examples of generating functions of Euler characteristics of moduli spaces of sheaves on X, keeping track of the dependence on choice of ample line bundle O X (1). This will give rise to wall-crossing formulae. We will give the easiest two examples occuring in [Koo] , without further discussion. In these examples, wall-crossing phenomena are absent.
Example 4.10. Let X be a nonsingular complete toric surface and let H an ample divisor on X. Let e(X) be the Euler characteristic of X. Denote by M H X (r, c 1 , c 2 ) the moduli space of µ-stable sheaves on X of rank r, first Chern class c 1 and second Chern class c 2 . Then for rank r = 1 a straightforward computation shows
. This result is known for general nonsingular projective surfaces X over k = C by work of Göttsche, using very different techniques, i.e. using his expression for the Poincaré polynomial of Hilbert schemes of points computed using the Weil Conjectures. ⊘ Example 4.11. Let X = P 2 , then 
Fixed Point Loci of Moduli Spaces of µ-Stable Reflexive Sheaves on Toric Varieties
We end this section by discussing how our theory can be adapted to give a combinatorial description of the fixed point locus of the moduli space of µ-stable reflexive sheaves on a nonsingular projective toric variety X with ample line bundle O X (1). This time, no assumption on the Hilbert polynomial is needed. We will start by describing how sections 2 and 3 analogously hold in the setting of reflexive equivariant sheaves on nonsingular toric varieties. In fact, we will construct an equivariant line bundle in the GIT problem, which precisely recovers µ-stability in all cases. Subsequently, we will quickly construct a general theory of moduli spaces of µ-stable reflexive sheaves on any normal projective variety X with ample line bundle O X (1) in a form useful for our purposes. Combining the results, gives the desired combinatorial description of the fixed point loci.
Let X be a nonsingular toric variety defined by a fan ∆ in a lattice N of rank r. In subsection 4.2, we mentioned the combinatorial description of reflexive equivariant sheaves on X originally due to Klyachko (see for instance [Kly4] ). As we discussed, the category of reflexive equivariant sheaves on X is equivalent to the category R of full filtrations {E ρ (i)} ρ∈∆(1) of finite-dimensional nonzero k-vector spaces. Let X r be the collection of characteristic functions of reflexive equivariant sheaves on X, which is a subset of the collection X 0 of characteristic functions of torsion free equivariant sheaves on X. Note that the characteristic function of a reflexive equivariant sheaf can also occur as the characteristic function of a torsion free equivariant sheaf that is not reflexive. Now assume X is projective and O X (1) is an ample line bundle on X. Let χ ∈ X r , then we can introduce natural moduli functors where N µss χ (S) consists of equivariant S-flat families F on X × S such that the fibres F s are µ-semistable reflexive equivariant sheaves on X × k(s) with characteristic function χ, where we identify two such families F 1 , F 2 if there is a line bundle L on S (with trivial equivariant structure) and an equivariant isomorphism F 1 ∼ = F 2 ⊗ p * S L. The definition of N µs χ is analogous using geometric µ-stability 1 . Taking τ = 0, Theorem 3.9 tells us how to describe equivariant S-flat families with fibres torsion free equivariant sheaves with fixed characteristic function χ. Let F be such a family with corresponding object F ∆ ∈ C 0 χ . We see that F has reflexive fibres if and only if for all σ ∈ ∆ a cone of maximal dimension and s ∈ S we have F σ (λ 1 , . . . , λ r ) s = F σ (λ 1 , ∞, . . . , ∞) s ∩ · · · ∩ F σ (∞, . . . , ∞, λ r ) s , for all λ 1 , . . . , λ r ∈ Z, or equivalently for all σ ∈ ∆ a cone of maximal dimension and s ∈ S we have dim k(s) (F σ (λ 1 , ∞, . . . , ∞) s ∩ · · · ∩ F σ (∞, . . . , ∞, λ r ) s ) = χ σ (λ 1 , . . . , λ r ),
for all λ 1 , . . . , λ r ∈ Z. This gives rise to a subcategory C Proposition 4.12. Let X be a projective variety with ample line bundle O X (1). Let G be an affine algebraic group acting regularly on X. Let E be a torsion free G-equivariant sheaf on X. Then E is µ-semistable if and only if µ F ≤ µ E for any G-equivariant coherent subsheaf F with 0 < rk(F ) < rk(E). Now assume in addition E is reflexive and X is a toric variety with torus G = T . Then E is µ-stable if and only if µ F < µ E for any equivariant coherent subsheaf F with 0 < rk(F ) < rk(E).
Proof. We can copy the proof of Proposition 3.15, but need E to be reflexive and X to be toric for the second part. We use the following three claims. Let X be any projective normal variety with ample line bundle O X (1). Claim 1. Let E be a reflexive sheaf on X. Then E is µ-semistable if and only if µ F ≤ µ E for any proper reflexive subsheaf F ⊂ E. Moreover, E is µ-stable if and only if µ F < µ E for any proper reflexive subsheaf F ⊂ E.
Claim 2. A reflexive µ-polystable sheaf on X is a µ-semistable sheaf on X isomorphic to a (finite, nontrivial) direct sum of reflexive µ-stable sheaves. Let E be a µ-semistable reflexive sheaf on X. Then E contains a unique maximal reflexive µ-polystable subsheaf of the same slope as E. This subsheaf we refer to as the reflexive µ-socle of E.
Claim 3. Let E, F be reflexive µ-stable sheaves on X with the same slope. Then
Hom(E, F ) = k if E ∼ = F 0 otherwise.
Proof of Claim 1. By [OSS] , one only has to test µ-semistability and µ-stability of E for reflexive subsheaves. The claim follows from the statement that for any reflexive sheaf E on X and reflexive subsheaf F ⊂ E with rk(F ) = rk(E) and µ F = µ E one has F = E. This can be seen as follows. Suppose ∅ = Y = Supp(E/F ), then Y is a closed subset with codim(Y ) ≥ 2. Since E| X\Y = F | X\Y and for any open subset U ⊂ X, we have a commutative diagram [Har2, Prop. 1.6],
we reach a contradiction.
Proof of Claim 2. Note that the collection {F i | i ∈ I} of µ-stable reflexive subsheaves of E with the same slope as E is nonempty (first remark in the proof of Claim 1). Consider the subsheaf S = i∈I F i , which can be written as S = i∈J F i for some finite subset ∅ = J ⊂ I. Assume J = {1, . . . , m} and F i+1 F 1 + · · · + F i for all i = 1, . . . , m − 1. It is enough to prove (F 1 + · · · + F i ) ∩ F i+1 = 0 for all i = 1, . . . , m − 1. We proceed by induction. Suppose know the statement for 1, . . . , k. Assume (F 1 + · · · + F k ) ∩ F k+1 = 0. By the short exact sequence 0 −→ (F 1 + · · · + F k ) ∩ F k+1 −→ (F 1 + · · · + F k ) ⊕ F k+1 −→ F 1 + · · · + F k+1 −→ 0, and the induction hypothesis F 1 +· · ·+F k = F 1 ⊕· · ·⊕F k , we see that if µ (F 1 +···+F k )∩F k+1 < µ F 1 ⊕···⊕F k+1 , then
which contradicts E being µ-semistable. Therefore
On the other hand, (F 1 + · · · + F k ) ∩ F k+1 = (F 1 ⊕ · · · ⊕ F k ) ∩ F k+1 is reflexive by [Har2, Prop. 1.6] , so Claim 1 implies
which yields a contradiction.
Proof of Claim 3. Let φ : E −→ F be a morphism. It suffices to prove φ is zero or an isomorphism, because E, F are simple. Let K be the kernel and I the image of φ. In the case K = E we are done. In the case K = 0, the possibility 0 = I F is ruled out by Claim 1 and we are done in the other cases. Suppose 0 = K E, then K can easily seen to be reflexive by [Har2, Prop. 1.6] . Consequently, µ K < µ E by Claim 1. In the case I = 0, we are done. In the case I = F , we reach a contradiction since µ E = µ K . In the case 0 = I F we reach a contradiction since µ E ≤ µ K .
Using Proposition 4.12 and the proof of Theorem 3.16, it easy to see we can choose an equivariant line bundle L We now discuss how to define moduli spaces of µ-stable reflexive sheaves in general in a way useful for our purposes. Let X be a normal projective variety with ample line bundle O X (1) (not necessarily nonsingular or toric). Let P be a choice of Hilbert polynomial of degree dim(X). Then there are natural moduli functors M ss P , M s P of flat families with fibres Gieseker semistable resp. geometrically Gieseker stable sheaves with Hilbert polynomial P as we discussed in subsection 4.1 referring to [HL] . The moduli functor M ss P is corepresented by a projective k-scheme M ss P of finite type and M ss P contains an open subset M s P , which corepresents M s P and is in fact a coarse moduli space. Let P be a property of coherent sheaves on k-schemes of finite type. We say P is an open property if for any projective morphism f : Z −→ S of k-schemes of finite type and F an S-flat coherent sheaf on Z, the collection of points s ∈ S such that the fibre F s satisfies property P is open (see [HL, Def. 2.1.9] ). We claim that if P is an open property, then the moduli functor In the general case, one can prove the claim using arguments involving Luna'sÉtale Slice Theorem and local artinian k-algebras with residue field k as in Propositions 4.6 and 4.7. We now would like to take P to be the property geometrically µ-stable and reflexive. Using an argument analogous to the proof of [HL, Prop. 2.3 .1] (which uses a boundedness result by Grothendieck) , it is easy to see that geometrically µ-stable is an open property. Using a result by Kollár [Kol, Prop. 28] and a semicontinuity argument, we see that reflexive is also an open property. Therefore, it makes sense to define a moduli functor 
